In many count data sets, an item may have more than one defect that causes the item to be defective. The Poisson EWMA scheme cannot be used to monitor such defects. The geometric-Poisson exponentially weighted moving average (EWMA) chart has been shown to be an effective scheme to monitor the number of defects over time. In these applications, it is assumed that the process parameters are known or has been accurately estimated. However, in practice, the process parameters are rarely known and must be estimated from reference sample to construct the geometric-Poisson EWMA chart. The performance of the given chart, due to variability in the parameter estimation, might differ from known parameters case. This article explored the effect of estimated parameters on the conditional and marginal performance of the geometric-Poisson EWMA chart. Recommendations about the proper choice of sample-size, smoothing constant and dispersion parameter are made. Results of this study highlight the practical implications of estimation error, and to offer advice to practioners when constructing a phase-I sample.
INTRODUCTION
Attributes control charts are commonly used to monitor count data in industrial processes. The Poisson is often the standard distribution considered for modeling random counts (e.g. References [1] [2] [3] ). However, it is not certainly only the underlying distribution for count data (Jackson 4 ). Many examples exist of events that occur according to the Poisson distribution, and for each of these Poisson events one or more other events can occur. Such processes include situations where counts tend to occur in clusters or situations where intensity rate of the counts varies randomly over time (see Rice 5 ). For example, automobile accidents on a given highway may follow a Poisson rate and the number of injuries of each major accident varies according to a certain distribution, say D. The compound Poisson distribution is an adequate model for such data sets as discussed by many authors including Gospodinov and Rotondi 6 , Hoffman 7 , Yu et al. 8 and Chen
9
. The geometric-Poisson distribution (a type compound Poisson distribution) is a natural extension of the Poisson distribution where the contribution of each term is distributed according to the geometric distribution. Several real examples of the geometric-Poisson distribution are common in practice. Actual historical data from several US Air Force bases are analyzed using the geometric-Poisson and constant-Poisson distributions (Chen et. al 10 ). Sahinoglu 11 employed geometric-Poisson distribution to monitor the number of software failures in software engineering. Robin 12 and Robin et. al 13 used the geometric-Poisson distribution to model overlapping word occurrences. The geometric-Poisson distribution has also been used to model DNA substitution and the total number of fatalities for the accidents by Rosychuk et. al 14 and Ozel and Inal 15 . All these examples demonstrate the usability of the geometric-Poisson distribution in real fields. However, only few works have been done on the use of this distribution in quality control. Chen et. al 10 developed a CUSUM control charts based on the geometric-Poisson distribution to monitor a small sustained shift in wafer manufacturing. Chen 9 proposed an exponentially weighted moving average (EWMA) control chart for monitoring the number of defects over time. The geometric Poisson distribution (compound distribution) was used to develop the proposed chart. The result of study reveals that the proposed EWMA chart, namely geometric-Poisson EWMA chart, is very effective in monitoring and improving quality in production environment than the usual Poisson EWMA chart.
The available literature on the geometric-Poisson EWMA chart has been based on the assumption that the in-control parameters are known or has been accurately estimated. However, in practice, the parameters are generally unknown and the performance of the given chart is affected due to estimation error. Therefore, accurate estimates of the parameters are required to make the statistical performance of the geometricPoisson EWMA chart reliable. Also, it is important to provide the practioner guidelines such that the effect of estimation error on the geometric-Poisson EWMA chart can be better understood (see, Woodall and Montgomery 16 , etc. In fact, the study of the statistical performance of control charts with estimated control limits is a general research issue of importance.
The current article investigates the effect of estimation error on the performance of the geometric-Poisson EWMA chart. The run length properties such as average
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run length (ARL), the standard deviation of the run length (SDRL), and percentiles of the run length distribution are analyzed using the Markov Chain approach following Saghir and Lin 3 and Chen 9 . The conditional and marginal performances of the run length metrics of the given chart are evaluated. The conditional analysis allows us to understand the effect of overestimating or underestimating the parameters on the run length performance of the chart. While, the marginal performance is useful in providing recommendations regarding minimum sample size, choice of smoothing constant and dispersion parameter. Because it considers the distribution of the estimated parameters and thus accounts for the variability introduced through parameters estimations.
The rest of the article is summarized as follows. In Section 2, the geometric-Poisson EWMA control chart with estimated parameters is given. Section 3 describes different performance evaluation measures. Section 4 evaluates the performance of the estimated control limits of EWMA chart under two different conditions. Finally, the conclusion of the study with discussion is made in Section 5.
The geometric-Poisson EWMA Chart
The geometric-Poisson EWMA chart with known parameters Let ( ) be the random variable of the number of defective items, and let ( ) be the random variable of the number of defects that occur up to , where > 0. According to Chen 9 , the density function of the geometricPoisson compound distribution with parameters (rate) and (dispersion) for any > 0 is
where > 0, 0 < < 1. proposed an EWMA control chart. The EWMA statistic is defined as Aamir, 103
) with B 5 = , 5 and ? (0 < ? ≤ 1) be the smoothing constant. Since the EWMA can be viewed as a weighted average of all past and current observations, it is very sensitive to the normality assumption. It is therefore an ideal control chart to monitor individual observations and could effectively detect small and moderate changes in the manufacturing processes. For an in-control process, the mean and variance of the EWMA statistic are
The control limits for the EWMA control chart based on the geometric-Poisson compound distribution are defined as: For large values of i, the asymptotic limits in equation (4) reduced to
where N O and N R are control chart constants and
, 5 is the target mean value of the geometric-Poisson compound process. Chen 9 provided the values of (N O = N R = N) for various combinations of ?, 5 , 5 and desired in-control ARL using Markov chain approach. The value of the lower control limit LCL should be set to zero when it's computed value is less than zero. This is because the quality characteristic of interest X i is a compound random variable and therefore the EWMA statistic Z i in equation (2) will be nonnegative. The choice of the smoothing constant ? typically depends on how fast a mean shift of given size should be detected. It is generally accepted that smaller values of ? are more effective in rapidly detecting smaller mean shifts and vice versa. After setting the control limits for the negative binomial EWMA chart, the EWMA statistic given in equation (2) is plotted against each i. For an in-control process, all of the B C 's should lie inside the control limits whereas for an out-of-control process is signaled by one or more of the B C 's which exceeds the LCL and UCL. 
The aim of this article is to determine the effect of the phase I sample on the geometric-Poisson EWMA chart's performance. Statistical properties of a EWMA control chart are usually evaluated in terms of average e run length (ARL), which is the mean of run length (RL) distribution. The ARL of a control charting procedure is defined as the expected number of sampling stages until an out-of-control condition is signaled. An effective and efficient control chart can provide a desired ARL. More specifically, the ARL of a control scheme should be large when a process is in control and small when a shift occurred. In the following section, some information about the calculations will be provided. 
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Run Length Distribution with Estimated Parameters
Chen (2012) used a Markov chain approach (proposed by Brook and Evans 32 ) to study the run length distribution of a geometric-Poisson EWMA chart. In this section, we will extend the Markov chain approximation for assessing the performance of geometric-Poisson EWMA Chart when the estimated parameters differ from their actual values. Similar to Zhang et. al 31 , we have considered both conditional and marginal run length properties. We have provided the Markov chain method and the equations used to obtain the run length properties in the coming sub-sections.
The Markov Chain Approach
Suppose D is the number of defects, then the EWMA of D is
The corresponding EWMA control scheme would signal, if B C > ℎ 7 R or B C < ℎ 7 R and a remedy action should be taken. To visualize the transitioning process, the decision interval [ℎ 7 O , ℎ 7 R ] is divided into N subintervals as explained in Chen 9 . The transition of B C in the interval [ℎ 7 O , ℎ 7 R ] is a random walk and the ith subinterval is the ith state, denoted by + C , and is represented by the midpoint _ C .
When B C falls within the decision interval, then the process is declared to be in-control state. On the other hand, if B C moves outside the control limits (above ℎ 7 R or below ℎ 7 O ), then the process enters to the out-of-control status. Thus, the (e + 1) f state is absorbing and represents the out-of-control region.
Let P ij denotes the probability of transition from state g to state h in one step. Then, the transition probability matrix, i, is defined as
Note that all rows sum to unity, and that the last row consists of zeros, except with the last element that is equal to 1 because + p3 is an absorbing state. In addition, the matrix < is a e × e matrix including the probabilities of moving from one transient state to another, I in an identity matrix of order e × e , v is a (e × 1) vector of ones, and the (u − <)v vector includes the transition probabilities of moving from one transient state to an absorbing state. The transition probabilities for the Markov chain are determined as follows: 
Conditional performance of the run length distribution
The run length of the geometric-Poisson EWMA chart is the number of steps taken starting from the initial state + to reach the absorbing state 31 . Using the Markov chain approach, the approximate ARL and SDRL performance measures are computed as follows:
where each of and is a × 1 vector including ARLs and SDRLs corresponding to all possible states. Assuming that is an odd number, then the (( + 1)/2) elements of these vectors correspond to the zero-state ARL and SDRL.
The percentile of the run length distribution is another important performance measure of the control charts. The percentiles of the run length distribution may be determined using the cumulative probability for run length. Let be denote the × 1 cumulative probability vector, where each of the N entries is for one starting value Z 0 and the index r = 1, 2, … represents a value of the run length. Then = ( − ) (13) The cumulative probability times 100 give the percentile corresponding to the run length value r. For example, the 30 th percentile for the case of 0 = A 0 is the smallest value of r for the middle entry of being greater than or equal to 0.3.
Marginal performance of the run length distribution
The marginal performance can be obtained by integrating the conditional performance measures with respect to the density of parametric space as shown in the following equations:
where the ( ) is a approximated normal distribution of random variable . The marginal performance measures are weighted averages of the conditional performance over all the values that the estimation may yield for the in-control mean 0 . These integrals can be solved using a numerical integration procedure. In our calculations, we have followed the approach of Ozsan et. al 26 and used the Simpson's quadrature method in Matlab.
RESULTS AND DISCUSSION
In this section, we have evaluated the conditional and marginal run length performance of the geometricPoisson EWMA control chart when the control limits are estimated. The conditional performance is summarized in Section 4.1 and marginal performance is provided in Section 4.2. All the computations are done in Matlab.
Conditional Performance of the geometric-Poisson EWMA chart
In reality, the geometric-Poisson EWMA chart is often constructed by using the in-control estimated parameters obtained from a Phase I study. The question of how the under study chart would perform in application is of interest for the researchers and practioners. Although it is assumed that the true process mean is unknown, hypothetical cases of estimation may be considered to provide insight of estimation. This will be helpful to know the best/worst case scenarios of estimation. The hypothetical values for the estimation error are obtained through evaluating the percentiles of the sampling distribution of estimated mean. Three different situations are considered: the 25 th percentile case (corresponding to overestimation of the in-control process mean A 0 ), the 50 th percentile case (corresponding the actual in-control process mean being equal to the estimated in-control process mean), and the 75 th percentile case (corresponding to underestimation of the in-control process mean • 0 ). Let the true in-control rate parameter to be 0 = 2 with dispersion rate = 0.20. The mean and various percentiles of the sampling distribution of A 0 are calculated for various samples and provided in Table 1 . It is clear that these estimates deviate heavily from the true value 0 = 2 for samples ≤ 100.
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The conditional run length performance of the given chart is calculated for various parameters values, smoothing constant values and samples sizes. The estimated conditional run length distribution is provided in the Tables 2-4 for some choices. The various amounts of shifts in the average defects in terms of standard deviation of the in-control process are considered i.e. , • = , 5 + @'1 5 . The case of @ = 0 corresponds to the in-control performance and highlighted in bold. Several interesting observations can be made based on the run length performance summaries. We focus our discussion according to the value of @.
Tables 2-4 indicate that the effect of parameter estimation is significant on the performance of the given chart. First consider the in-control performance ( = 0). ARL 0 and the corresponding SDRL values are very close in each case. ARL 0 is significantly deviated from expected (500.00), when the parameters are estimated from m initial samples. In the above tables, the nominal case refers to known parameters, so, the performance of the given control chart do not dependent on sample size. Underestimation cases (when parameters assume a value in the 75 th percentiles) results in an increase in the number of false alarms and a decrease in the variability of the run length as compared to nominal summaries. On the other hand, overestimation cases (25 th percentiles) results large EWMA variance than expected one. Therefore, the average run length ( 0 ) is expected to be less than the nominal values and in more frequent false alarms. Now consider the out-of-control scenario ( > 0 ). In Tables 2-4, the cases with favorable ARL results are the ones with smaller ARL 1 (out-of-control average run length) and larger ARL 0 values. From these tables it is clear that shift in the average nonconformities due to an assignable cause are detected faster for overestimation case that the underestimation as well as nominal.
It is apparent that the performance of the geometricPoisson chart is significantly affected due to estimated parameters, however, the magnitude of the effect decreases as m increases.
In both over or under estimation cases, a large reference sample size is required to achieve the desired in-control 0 of 500.00. The choice of smoothing constant or EWMA weight has a significant effect on the performance of chart as it is obvious from Tables 2-4. Considering a sample size constant, it is observed that the actual 0 value is decreased by increased the smoothing constant in case of underestimation while inverse hold for overestimation. To achieve the desired 0 of 500.00 with a large reference sample size a large smoothing constant is required. However, when there exit a positive shift the average run length increases by increased in smoothing constant as it is obvious from Tables 2-4. Therefore, smaller smoothing constant is better than larger one in detecting small shifts of the average nonconformities.
Also, the dispersion parameter has significance effect on the performance of the given chart. The larger the dispersion parameter, the less effect on the when the rate parameter is fixed (see, Tables 2&4). This is due to the smaller value of dispersion with fixed rate parameter converges to Poisson distribution. However, more the rate parameter with the fixed dispersion value yield less influenced on the performance (see , Tables  2&3.) . Thus, choice of dispersion parameter has also significant effect on the performance of geometricPoisson EWMA chart.
Marginal Performance of the geometric-Poisson EWMA chart
In practice, it is often not possible to know how the estimated mean compares to the true in-control mean. Therefore, it would also be useful to evaluate the marginal performance of a chart, chart, which considers the distribution of the estimated parameters to take into account the random variability introduced through parameter estimation. The marginal performance for the geometric-Poisson EWMA charts under different parameters values, sample sizes, smoothing constants and shift magnitudes. The ARL and SDRL for the given chart based on the estimated parameters for in-control 0 = 2.0 and 0 = 0.20 and 0.30 values are calculated for in-control and out-of-control situations and given in Table  5 . The corresponding ARL for 0 = 3 and 0 = 0.20 for different smoothing constant values are given in Fig.1 (a) -(c), which are known as ARL curves. The run length characteristic for any other combination of the parameters could be obtained similarly.
In the Table 5 and Figures 1 (a)-(b) , the performance metrics are weighted averages over all the values that the estimation may yield for the in-control parameters. To study how large the sample size should be to perform essentially like the known parameter case, the values 30, 100, 1000, and ∞ for n are evaluated. The infinite sample size (n = ∞) corresponds to the known parameters or the nominal case.
Comparing the values in Table 5 and Fig.1 (a) -(b) with their nominal values, it is obvious that estimating control limits can cause both ARL and SDRL to be large than their desired values when the process is working incontrol, especially for smaller smoothing constant vales and smaller sample sizes. For a fixed sample size and dispersion parameter, the chart produces the in-control ARL large as the EWMA smoothing constant increases. But for increasing sample size n ≥ 100, the ARL 0 converges to 500.00 as expected. When a shift in the average number of defects occurs, a large sample n≥100 and larger smoothing constant value is required to have a reasonable ARL 1 performance. In general, the effect of the sample size on the marginal performance of the control chart is more for smaller choices of W, and less for larger choices of W. Also, the effect of the sample size is most significant for the smaller mean shift. The choice of smoothing constant and sample size would depend on how fast one wants to detect a shift of given size in average non-conformities. However, as a rule of thumb we recommend sample sizes of at least 500 to achieve better detection of process shifts. Furthermore, smoothing parameter values W = 0.05 or 0.10 may also be suggested to detect small-sized shifts. Also, the larger value of dispersion parameter would be required to minimize false alarms. The similar behavior has been observed for other choices of parameters and smoothing constant.
Illustrative Example
In this section, we provide an illustrative example to demonstrate the practical implementation of the under study estimated control limits. We have generated a data set of 100 observations from the geometric-Poisson distribution with parameters, = 2.5 and = 0.20 by following Chen (2012) . The control limits of the geometric-Poisson EWMA chart are estimated based on (i) first 30 observations and (ii) all 100 observations. The smoothing constant value w = 0.10 and control chart multiplier value A = 2.75 are used.
The in-control A estimates are 3.10 for 30 observations and 3.45 for 100 observations, and A estimates are 0.80 for 30 observations and 0.50 for 100 observations respectively. The generated samples are used to calculate the geometric-Poisson EWMA statistic and the estimated control limits. The geometric-Poisson EWMA control chart using this information is plotted in Figure 2 (a-b) respectively. The both charts reveal that the process is on-control. Notice the difference between the widths of the control limits of the two charts. Although the case of 100 observations is expected to perform in terms of in-control ARL approximately as designed, this will not be true for the case of 30 observations because it required smaller than expected in-control ARL because of the tighter control region.
CONCLUSION AND DISCUSSION
The Poisson distribution is often used to model the count data in all fields. However, the Poisson distribution is not only underlying distribution for counting data. For production processes, the geometric-Poisson EWMA control chart, proposed based on geometric-Poisson compound distribution, is very useful to detect the process variation rapidly to reduce the lost cost. This chart could be used and should be used if small shifts from normal conditions are important to detect quickly.
In real application, actual values of process parameters for designing the given chart are often unknown. In this situation, a typical approach is to conduct a Phase-I study, where a reference sample of m observations is obtained and then used for estimating these unknown parameters. However, the performance of the control chart may significantly be different than expected performance if the parameters are not well estimated. This article investigates the performance of the geometric-Poisson EWMA chart when the process parameters are estimated based on m reference samples. The effect on the run length characteristics such as ARL and SDRL has been shown to be significant. Furthermore, for smaller EWMA smoothing constants, say 0.05, the chart with estimated parameters produces more false alarm rate which results into large in-control ARL and SDRL than the chart with known parameters. This study suggest minimum 500 sample size and smoothing constant greater than 0.05. However, this choice depends on the sensitivity of the chart with respect to detecting changes in average nonconformities. The larger value of dispersion parameter is better to get the desired in-control ARL and SDRL. The results of the study are very useful for practioners and researchers to design a geometric-Poisson EWMA chart for detecting minor process variations in production processes and improving the process quality in Phase I sample.
